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Abstract 



The Duffin-Kemmer-Petiau (DKP) equation with a square step potential is 
used in a simple way with polymorphic purposes. It proves adequate to 
refuse a proposed new current that is currently interpreted as a probability 
current, to show that the Klein paradox does exist in the DKP theory and to 
revise other minor misconceptions diffused in the literature. 



The first-order Dufiin-Kemmer-Petiau (DKP) equation has experimented 
a renewal of life due to the discovery of a new conserved four- vector current 
density [T]-[6], whose positive-definite time component would be a candidate 
to a probability density, and as a bonus a hope for avoiding Klein's paradox 
for bosons [6]. The DKP equation for a boson minimally coupled to the 
electromagnetic field is given by 

{tf3^D^-m)^ = (1) 

where the matrices jS'^ satisfy the algebra 

pf^P^P^ + p^P^P^" = g^'^p^ + g^^pf" (2) 

the covariant derivative is given by = + ieA^ and the metric tensor is 
g'^^ = diag (1,-1,— 1,-1). The second-order Klein-Gordon and Proca equa- 
tions are obtained when one selects the spin-0 and spin-1 sectors of the DKP 
theory. A well-known conserved four-current is given by 

J/^ = (3) 
where the adjoint spinor -0 = ^p^r|^^ with 

and {P^y = rf^l3^rp^ . The time component of this current is not positive def- 
inite but it may be interpreted as a charge density. An alleged new conserved 
current, however, is written as [1], [5] 

5^ = ^r^^^^M^ (5) 

Here u^, is the unity timelike four- velocity of the observer {u'^Up = 1). Since 
= ip'^ip ^ in the lab frame, it might be tempting to interpret this 
alternative current probability current. 

In the present work, the simple problem of scattering in a square step po- 
tential, considered as a time-component of the electromagnetic four-potential, 
is used to show not only that this new current leads to inconsistencies suffi- 
cient enough to reject it as a true probability current, but also to show that 
Klein's paradox is absent in Ref. [6] just because it was not searched for, 
and that it is not necessary to refer to limiting cases of smooth potentials for 
finding the appropriate boundary conditions for discontinuous potentials as 
done in [7]. 
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Criticism on S'^ has already a precedent. Struyve et al. [H] have shown 
that S'^ is not conserved when the electromagnetic interaction is introduced in 
the DKP equation and so 5° can not be interpreted as a particle probability. 
They found that 

5 = -F''^ (6) 
m 

where the energy-momentum tensor B'^'^ = iprj'^'^ilj and the electromagnetic 
field tensor F^^y = d^Ai, — dyA^j,. Therefore, = Q^^Uy is not conserved for 
an arbitrary observer. Struyve et al. |8] argued that the energy-momentum 
tensor is not conserved because a charged particle exchanges energy and 
momentum with the electromagnetic field. Recently, Datta [9J has tried to 
save the status of the new current by considering 

S'i^ = S^' + — [ dx^'F^" Jxu, (7) 
m J 

with dfj^S''^ = 0. As a matter of fact, Datta tried to take care of the remark 
in Ref. [8j about the exchanges of energy and momentum of the particle 
with the external field by including the electromagnetic field as a part of the 
system. 

Let us consider the one-dimensional time component of the static elec- 
tromagnetic potential, so that the time-independent DKP equation can be 
written as 

{(3'[E - eAoiz)] + t(3'^^ - mMz) = (8) 

where the decomposition ip{z,t) = ip{z) exp{—iEt) has been used. 

For the case of spin 0, we use the representation for the f3^ matrices given 
by tlQj 



/3'=[^T 1 and f3'={ pT ^J)' ^ = 1,2,3 (9) 



where 



1\ /-I 



10/ ^1 \ 



-1 0\ fO -1 



(10) 



0, and are 2x3, 2x2 and 3x3 zero matrices, respectively, while the 
superscript T designates matrix transposition. The five-component spinor 
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can be written as (p^ = {(f-^^,...,ip^) in such a way that the DKP equation 
decomposes into 

E — eAo i d(pi 

OkG ^1 = 0, ^2 = ^1, ¥^3 = = 0, V's = — ^ (11) 

where Oj(q = —cP/dz^ + w? — {E — cAq)"^. Using now the components of 
the spinor, the time and space components of the currents and S*^ can be 
written as 

(12) 

Note that there is no reason to require that the spinor and its derivative are 
continuous across finite discontinuities of the potential, as naively advocated 
in Ref. [7]. A little careful analysis reveals, though, that proper match- 
ing conditions follow from the differential equations obeyed by the spinor 
components, as they should be, avoiding in this manner the hard tasking of 
recurring to the limit process of smooth potentials. Only the first component 
of the spinor satisfies the second-order Klein-Gordon equation, so that <fi and 
its first derivative are continuous even the potential suffers finite discontinu- 
ities. In this case of a discontinuous potential, is discontinuous and so are 
J^, and 5*^. The discontinuity of J" does not matter if it is to be inter- 
preted as a charge density. As for S^, it is an obvious nonsense to interpret 
it as a probability current seeing that a probability density should always be 
continuous and that the probability flux should be uniform in a stationary 
regime. In this point we are faced with serious defects of S^. Nevertheless, 
despite those unpleasant properties of S*^ we shall explore the scattering in 
a square step potential in order to clarify additional misapprehensions of the 
DKP theory. 

The one-dimensional square step potential is expressed as 

Ao{z) = Voe{z) (13) 

where 9 (z) denotes the Heaviside step function. For z < the DKP equation 
has the solution 

cp{z) = cp^e^"'' + ip_e-"'' (14) 

where 

rp a±f^E^^^k 
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and k = y/E'^ — m?. For \E\ > m, the solution expressed by (HM and (fTSll de- 
scribes plane waves propagating on both directions of the Z-axis with group 
velocity Vg = dE/dk equal to the classical velocity. If we choose particles in- 
ciding on the potential barrier [E > m), (pj^exp{+ikz) will describe incident 
particles {vg = +k/E > 0), whereas ip_exp{—ikz) will describe reflected 
particles {vg = —k/E < 0). The flux related to the standard current J^, 
corresponding to ip given by ( |T4l) . is expressed as 

J3 = A(|a^|2_|^_|2) (16) 

m 

Note that the relation = J^Vg maintains for the incident and reflected 
waves, since 

Jl = -\a±f (17) 
m 

On the other hand, for z > one should have f ^ > in such a way that the 
solution in this region of space describes an evanescent wave or a progressive 
wave running away from the potential interface. The general solution has 
the form 

y,,(z) = (^J_,e+^''^ + (^J_e-'^^ (18) 

where 

= ^(l.^^.O.O.T^) (19) 



and q = \J [E — eV^f — im?. Due to the twofold possibility of signs for the 
energy of a stationary state, the solution involving 6_ can not be ruled out 
a priori. As a matter of fact, this term may describe a progressive wave 
with negative energy and phase velocity Vph = \E\/q > 0. One can readily 
envisage that three different classes of solutions can be segregated: 

• Class A. For eVo < E — m one has g G M, and the solution describing 
a plane wave propagating in the positive direction of the Z-axis with 
group velocity Vg = q/ {E — eVo) is possible only if 6_ = 0. In this case 
the components of the standard current are given by 



J' = ^^K\\ J' = ^K\' (20) 

m m 
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Class B. For E — m < eVo < E + m one has that q 
with 6zp = describes an evanescent wave. The cc 
necessary for furnishing a finite current as z 



±i \q\, and 
le condition 6zp = is 
oo. In this case 



J" 



E-eVo 



-2\q\z 



m 



r = o 



(21) 



Class C. With eVo > E + m it appears again the possibility of prop- 
agation in the positive direction of the Z-axis, now with = and a 
group velocity given by Vg = q/ (eVo — E). The standard current takes 
the form 

,0 _E~eVo 1^ |2 j3 . 9 ,2 



r 



\b- 



(22) 



m m 

In this last class we meet a bizarre circumstance as long as both J° 
and are negative quantities. The maintenance of the relation = 
J^Vg, though, is a license to interpret the solution {(p^) _exp{—iqz) as 
describing the propagation, in the positive direction of the Z-axis, of 
particles with electric charges of opposite sign to the incident particles. 
This interpretation is consistent if the particles moving in this region 
have energy —E and are under the influence of a potential — cVq. It 
means that, in fact, the progressive wave describes the propagation of 
antiparticles in the positive direction of the Z-axis. 

The demand for continuity of (fi and dip^/dz at 2; = fixes the wave ampli- 
tudes in terms of the amplitude of the incident wave, viz. 



a_ 



k—q 
k+q 



for the class A 



for the class A 



%^ for the class B 



i±2 for the class C 

k—q 



^1^^ for the class B 
n for the class C 



(23) 



(24) 
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6_ 
a 



for the class A 



— = < for the class B 



for the class C 



(25) 



Now we focus attention on the calculation of the reflection {R) and trans- 
mission (T) coefficients. The reflection (transmission) coefficient is defined 
as the ratio of the reflected (transmitted) flux to the incident flux. Since 
dJ^ /dt = for stationary states, one has that is independent of z. This 
fact implies that 



R 



\k+ql 



1 



for the class A 



for the class B 



(26) 



k+q \ ^ for the class C 

k~q) 



4kq 
Jk+qp 



for the class A 



for the class B 



(27) 



for the class C 



For all the classes one has i? + T = 1 as should be expected for a conserved 
quantity. The class C presents R> 1, the alluded Klein's paradox, implying 
that more particles are reflected from the potential barrier than those in- 
coming. Contrary to the assertion of Ghose et al. [6], Klein's paradox there 
exists for bosons in the DKP theory. It must be so because, as seen before, 
the potential stimulates the production of antiparticles at 2; = 0. Due to 
the charge conservation there is, in fact, the creation of particle-antiparticle 
pairs. Since the potential in 2; > is repulsive for particles they are neces- 
sarily reflected. From the previous discussion related to the classes B and C, 
one can realize that the threshold energy for the pair production is given by 
eVo = 2m. The propagation of antiparticles inside the potential barrier can 
be interpreted as due to the fact that each antiparticle is under the influence 
of an effective potential given by — cVq. In this way, each antiparticle has an 
available energy (rest energy plus kinetic energy) given by eVo — E, accord- 
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ingly one concludes about the threshold energy. One can also say that there 
is an ascending step for particles and a descending step for antiparticles. 
Note that the currents and are simply related by 

= r (28) 

m 

in all the classes of solutions. In this manner, the conservation law d^J'^ = is 
not compatible with dfj_S'^ = 0, at least for the case under investigation where 
dS^/dt = but 5''^ is not uniform. In order to understand the behaviour of 
5''^ let us recall that the DKP equation can be recast into the Hamiltonian 
form [3], [12] 

= H^lj (29) 

where 

H = I [(3\ /?°] + eAo + m/?° + ^^F^, (/?^/?°/?^ + Z?^^"'^) (30) 

At this point is worthwhile to mention that H is not Hermitian, in opposition 
what was adverted in [3], since 

{iF,i(3' (/5°)')^ = - {iF,il3' (/3°)') + iFo,(3' (31) 

There results that 

d^S^ = #t (// -H^)^ = -±Foi \(3\ (/3°)'l = -Fo, X (32) 



This result clearly shows that the electromagnetic coupling induces a source 
term in the current S"^, as has already been shown in Ref. [8]. It is curious 
that the source term is due to the non-Hermitian piece of the anomalous 
term in (l30ll . Now, coming back to the square step potential (fT3!l . one can 
write 

d,S^ = -'^6{z)J\z) (33) 



m 
:3 



in such a way that the jumping of 5* at z = reads 

5=^(0+) - 53(0_) = - — J\Q) (34) 

m 

a result in perfect agreement with (!28l) . 
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As for the current proposed by Datta [S], one can see that there is a 
spurious factor of 4 in the second term of S'^ in ([7]) due to the process of 
summation of four identical terms (four uses of the fundamental theorem 
of calculus involving F^'^ JfiUy) for considering the source term in ([6]) as 
an additional current term, not this merely but also d^S'^ ^ 0. The new 
conserved current should be written as 

S^' = S^' + -- [ dxT^" Jxu, (35) 
Am J 

so that without any question satisfies d^S^ = 0. It is worthwhile to 
note, though, that all components of the conserved current are nonvanishing 
for an arbitrary direction of motion. Furthermore, carries a temporal 
dependence even for the case of a time-independent DKP equation and it is 
infinite at the points of space where the potential suffers finite discontinuities. 
These are a few undesirable features which defy the candidature of 5''^ as a 
current probability. 

For short, the DKP equation with a square step potential is a test ground 
to refuse S"^ (and S^) as a probability current as well as to show that Klein's 
paradox is alive and well in the DKP theory (we have talking about the spin- 
sector of the DKP theory but the state of affairs is not different for the 
spin-1 sector as one can see in Appendix A). 



Appendix A 

For the case of spin 1, the (3^ matrices are [TT 



/O 

—T 



— T 



I 

0/ 






I 



/3' 



( ° 

0^ 







\ 








-isi 















-isi 





/ 



)jk 



-le 



ijki 



(36) 



e,- are the 1x3 matrices 



where Si are the 3x3 spin-1 matrices (sj 

(ei)j^j- = 5ij and = (O O), while I and designate the 3x3 unit and 
zero matrices, respectively. With the spinor written as ip'^ = {ip-^, ...,ip-^Q), 
and defining = {ip^^ifs^ifj), = {(f^, if if 4) and 6^ = {ipg, -ipg,ip^) as 
done in Ref. the DKP equation ([8]) can be expressed in terms of the 
following equations 



Okg^ = 0, $ 



E-eVn 



m 



m az 



^10 







(37) 
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Now the components of the four-currents are given by 

(38) 

9 

i=l 

A discontinuous potential makes ip^^, ip^ and ip^ discontinuous, and as an 
immediate consequence J°, and are also discontinuous. The plane 
wave solutions for the potential given by fll3p in the region ^ < can be 
written as 

ip (z) = ip+e^""' + ip_e-'^' (39) 

where 

(k E E E k k \ 

T—1±, a±, P±, — 7±, — «±, —P±, 7±, ±— /3±, T—a±, (40) 
m m m m m m J 

and a±, /3_|_,and 7_|_ are arbitrary amplitudes. Defining 

a± = ^2(|a±|2 + |/3±|2 + |7^|2) (41) 

it follows that the components of the current can be written in the same 
form as ( |T6l) and ( |T7I) . A similar procedure for the region 2; > allows one 
to obtain the results (!23|) - fl27|) . Even though ip2, and ipj obey the Klein- 
Gordon equation there is no reason why they have the same amplitudes, as 
assumed in Ref. [7]. As a matter of fact, a nontrivial spinor with only three 
nonvanishing components would be possible. 
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